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INTEGRAL STRUCTURES ON p-ADIC FOURIER THEORY 

KENICHI BANNAI AND SHINICHI KOBAYASHI 



Abstract. In this article, we study integral structures on p-adic Fourier 
theory by Schneider and Teitelbaum. As an application of our result, 
we give a certain integral basis of the space of A'-locally analytic func- 
tions for any finite extension K of Qp , generalizing the basis of Amice of 
locally analytic functions on Zp. We also use our result to prove congru- 

C^ ' ences of BernouUi-Hurwitz numbers at supersingular primes originally 

Cn , investigated by Katz and Chellali. 



1. Introduction 



In [STj , Schneider and Teitelbaum developed a theory of p-adic distribu- 
tions on an integer ring Ok of a finite extension K of Qp, which is a natural 
generalization of the classical theory of p-adic measures and distributions 
on Zp. In particular, they showed that there exists a natural one-to-one 
^ i correspondence between Cp-valued distributions on Ok and rigid analytic 

QQ ' functions on the open unit disc in Cp. The aim of this paper is to con- 

cn . trol denominators or more precisely, integral structures which appear in this 

correspondence. In the classical case on Zp, these are established by the 
works of Mahler and Amice, and their theory is applied to obtain the Kum- 
mer congruence between special values of Riemann zeta function as well as 
QQ ' the construction of cyclotomic p-adic L-functions for elliptic curves defined 

^D ■ over Q. In this paper, we give an explicit construction by elementary calcu- 

lations of Schneider- Teitelbaum's p-adic Fourier theory. The advantage of 
our method is that we can control the integral structures on the Schneider- 
Teitelbaum correspondence. As an application of our result, we determine 
C^ I an integral structure on the ring of locally analytic functions on Ok ■ We also 

use our result to prove the congruences investigated by Katz and Chellali 
( |Ka2| . |Ch| ) of Bernoulli-Hurwitz numbers at supersingular primes. 

We now give the exact statements of our theorems. Let p he a rational 
prime. Let | • | be the absolute value of Cp such that \p\ = p~^. Let Q be 
the Lubin-Tate group of K corresponding to a uniformizer vr. Let i? be a 
subring of Cp containing Ok and let LAn{Ok-,R) be the space of locally 
analytic functions on Ok of order A^ which take values in R. Namely, f{x) G 
LAj\f{OK,R) if and only if /(a;) is defined as a power series Yl'^=o ^"-{x — a)"' 
on o + vt^Oa' for any a S Ok- We let ||/||a,Af := maxnllanvr"^!}. The space 
LAj\f{OK,R) is a Banach space induced by the norm maxagc)^{||/||a^7v}- 
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Let Wp G Cp be a p-adic period of Q. We define ^{k) and ^{k) to be any 
elements such that 

|7(fc)| = max{|m!/<|}, l7(A;)| = min {|m!/n7™|}. 

k<rri — 0<m<fc 

Theorem 1.1. Let f be aK-locally analytic function in LAj\f{OK,'Cp). Let 
ip{t) = Yl'k^=o '^kt^ ^^ ^ rigid analytic function on the open unit disc and let 
fiy, be the distribution corresponding to ip by Schneider- Teitelbaum 's p-adic 
Fourier theory. Then we have 

N 



a+77^0K 



(1) / fix) d,,, 

where 

(2) 

and [x] is the integral part of x. 



< l7(0)| 



/lla.AfllV^llAT 



ipuN '■= max 
k 



Cfc 



-.N 



Since 



7 



approximated by 



^ 



P 



-kr 



where r = 1/eq [q — 1), the value \\<f\\N is 






where B(p~'') C Cp is the closed disc of radius p~^ centered at the origin. 
Finer versions of the above theorem is given in Theorem 14.31 

As an application of our main theorem, we obtain an estimate of the 
Fourier coefficients of Mahler like expansion of functions in LAjs[{OK,Cp). 
Let A(t) be the formal logarithm of Q, and following |STj . we define the 
polynomial P„(x) by 

oo 

exp(xA(t)) = Y, Pnix)r. 

n=0 

Theorem 1.2. i) The series Yl'n=o ^nPni^'^p) converges to an element of 
LAn{Ok, Ocr) if an is of the form 



7 



n 
7^ 



with \bn\ < 1 andbn — > when n 
then it has an expansion 



oo. Conversely, if f{x) € LAn{Ok-,Oc^), 

oo 
f{x) = y^^anPnjxWp) 



n=Q 



of the form 



an = l 



n 



bn 
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N 



for some bn satisfying |6„| < c 



and bn -^ when n — > oo, where c = 1 



if e < p — 1, and c = |7(0)|, otherwise. 
Corollary 1.3. We let 



eN,i 



7 



n 



Pn{xWp), 



(n = 0,l,. 



We denote by L^ the Oc -module topologically generated by e^n, then 



|7(0)|- 



vr 



N 



LAn{Ok,Oc,) C Ln C LAn{Ok,Oc,) 



In particular, L]\j ® Qp = LAn{Ok-, Cp), namely, the functions eN,n form a 
Banach basis of LAi\f{OK,Cp). 
Moreover, if e < p — 1, then 



N+l 



LAn{Ok,Oc,) C Ln C LAn{Ok,Oc,). 
In particular. If Ok = "^p, we recover Amice's result |Am| . namely, 

(n = 0,l,---) 



n 
ZJf 



n 



form a topological basis of LAnC^ptOc^). (Actually, we can show that it is 
a basis of LAiy{Zp,Zp). ) 

As another application, we derive from our estimate of the integral the 
congruence of Bernoulli-Hurwitz numbers BH{n) at supersingular primes 
established by Katz and Chellali ( [Ka2] . [Chj ). For a fixed b € Ok prime to 
p, we put 

(1 - 6"+^)(l - p'^) BHjn + 2) 

^^' ~ ^np[np/(p2-l)] n + 2 

where 7 is some p-adic unit explicitly given. 

Corollary 1.4. Let I be a non-negative integer and p is a inert prime in K . 

i) We have L{n) G Ok- 

a) Suppose that m = n mod p [q — 1). Then 

L{m) = L{n) mod p . 

Furthermore, if n ^ mod q — I, then 

L{m) = L{n) mod p ^ . 

If n = mod q — 1 and n ^ 0, then for L'{n) = L{n)/n we have 



L'im] = L'(n) 



mod p' 



l+i 
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2. Schneider-Teitelbaum's p-ADic Fourier theory. 

Let K he a finite extension of Qp and k = ¥q the residue field. Let e be 
the absolute ramification index of K. We fix a uniformaizer tt of i^ and let 
G be the Lubin-Tate formal group of K associated to vr. Let i? be a subring 
of Cp containing Ok- For a natural number N and an element a of Ok, we 
define the space A{a + -k^ Ok, R) of iT-analytic functions on a + tt^Ok as 
follows. 

oo 

{/ : a + tt^'Ok ^ R \ f{x) = J2 ^n{x - a)", a„ G Cp, 7r"^a„ ^ 0}. 

n=0 

We equip the space A{a + tt^Ok, R) with the norm 

||/||a,Ar := max„ {[7r"^a„l} = max^g^+^ivo^^ {|/(a:^)l}- 

We also define the space LAn{Ok-,R) of i?- valued locally i^-analytic func- 
tions on Ok of order N by 

{f:OK^R\ f L+.^Ok e Ma + tt^'Ok, R) for any a G Ok} 
which is a Banach space by the norm max^ {||/||a,iv}- We put 

LA{Ok,R) = \JlAn{Ok,R) 

N 

and equip it with the inductive limit topology. A continuous i?-linear func- 
tion LA{Ok,R) — > -R is called an i?-valued distribution on Ok- We denote 
the space of i?- valued distributions on Ok by D{Ok, R), namely, 

D{Ok,R) = limHom^°'^*(LAiv(C/^,i?),i?). 

N 

We write an element of L'(0/^,Cp) symbolically as 

[dfi:LA{OK,Cp)^Cp, f^[fdfi=[ f{x)dfi{x). 
J J JOk 

The space D{Ok, R) has a product structure by the convolution product: 



f{x)d{fj,*iy){x) := / / f{x + y)dfi{x)]diy{y). 

Ok JOk \JOk 

For a compact open set U of Ok, we let 

f{x)dfi{x) := fix) -luix)dfi{x) 

U JOk 
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where 1[/ is the characteristic function of U. 

The structure of D{OktCp) is weh-known for the case K = Qp and 
described through the so caUed Amice transform. We denote by i?'^'^ the 
ring of rigid analytic functions on the open disc of radius 1, namely, the ring 
of power series of the form '^{T) = 'Yl'^=o CnT^ such that Ic^Itq — > for any 
< ro < 1. Then there exists an isomorphism of topological Cp-algebras 

(3) D{Zp,Cp) = R''^, fi^^ 

that is characterized by the equation 



dfi{x) 



or equivalently 

^{T)= [ (l + TTd^iix). 

For the Mahler expansion 



n=0 ^ ^ 



of / G LA{Zp, Cp), Amice showed that |an|r" — > for some r > 1 and hence 
we can compute the integral as 

„ CO 

(4) / f{x)dfl = y^OnCn. 

Schneider- Teitelbaum [ST] constructed isomorphism analogous with ([3]) for 
a general local field K. 

Let Wp be a p-adic period of Q. Namely, by Tate's theory of p-divisible 
groups and the Lubin-Tate theory we have 

Romoc^{g,Gm) = }iomz^{Tpg,TpGm) = Ok- 

(The last isomorphism is non-canonical.) Hence there exists a generator of 
the O/f -module Homo^. (g, Gm), which is written in the form of the integral 
power series exp(t37pA(t)) G Ocp[[*]] where A(t) is the logarithm of g. The 
element Wp € Ocp is determined uniquely up to an element of O^. We fix 
such a Wp and call it the p-adic period of g. (If the height of g is equal to 1, 
the inverse of Wp is often called a p-adic period of g, for example, see |dSj). 
It is known that |rop| = p"**, where s = -^ — ^(„_i) (see Appendix of [ST] 
or an elementary proof in [Boxl| when K/Qp is unramified) . We define the 
polynomials P„(X) € ^[^] by the formal expansion 

oo 

exp(XA(t)) = ^P„(X)t". 

n=0 
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Note that in the case Q = Gm, vr = p and \{t) = log(l + 1), the polynomial 
Pn{X) is no other than the binomial polynomial (^). By construction, 
Pn{xvDp) is in Ocp if 2; € Ok- 

Theorem 2.1 (Schneider- Teitelbaum [ST]), i) The series Yl'^=o^nPn{xWp) 

converges to an element of LA(Ok,'C-p) i/lim„|a„|~ < 1. Conversely, any 
locally K-analytic function f{x) on Ok has a unique expansion 



f{x) = y^^anPnjxWp) 



n=0 

1 



for some sequence (a„)„ in Cp such that lim„ |an|" < 1- 
ii) There exists an isomorphism of topological Cp-algebras 

(5) D(Oi,,Cp)-i?"s. 

having the following characterization property: if ip{T) = X^J^g ^nT^ corre- 
sponds to a distribution fi, then 



Pn{xWp) d^{x) 
Ok 



or equivalently 



(p{t) = / exp{x'njpX{t)) dij,{x). 
Jok 



3. Power sums 
In this section, we give an estimate of the absolute value of the power 



sum 



where dg is the differential operator X'{t)^^{d/dt) and ^[tt''^] is the kernel of 
the multiplication [vr^] of Q. This estimate is crucial for everything in this 
paper. We use Newton's method to compute this value. 
We let ■Jll, n] and "y[l,n] be any elements of Cp such that 

|7[/,n]| = max {|m!/tn-|}, |7[/,n]| = min {|m!/<|} 

i<va<n — l<m<n 

for / < n. For I > n, we put |7[/,n]| = and |7[/,f^]| = 00. For simplicity, 
we put 7(A;) = 7[A;,oo] and 'y{k) = 7[0,A;]. Note that since approximately 

__ m 

\m]/TuT'\ ~ p =('?"i) for large m, the value ^{k) is well-defined. 

Proposition 3.1. i) The absolute values of j{k) and 'y{k) are decreasing 

for k. 

ii) We have 

\l{k)\<mk)\, |7(A:)|<|7(0)! -17(^)1. 

Hi) We have 

h{kl + --- + kn)\<h{k,)\---h{kn)\ 
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and 

\j{h + --- + K)\< |7(0)||7(A;i)| • • • |7(fcn)| < l7(0)||7(A;i)| • • • |7(UI- 
iv) We have 

1 k 

Proof, i) is clear. For ii), first we have |7(fc)| > |/c!/tz7p| > |7(fc)|. Suppose 
7(/c) = ki\/wl^ and j{k) = ^2!/^^'. Then h > k > k2 and 

'ki\ {ki - fes)! 



fci! _fc2! 



ZUp ZUp 



2/ tu: 



k\—k2 



< 1 7(0)1- 



For iii), suppose that 7(A;j) = kl/w^jj for li < ki. Then the assertion for 
follows from 



W- 



h+--+ln 









ZUp 



The assertion for 7 follows from that for 7 and ii). For iv), suppose that 
j(k) = l\/w^p for I < k. Then 

U 



pp-l e(q-l) < pP^l e(ij-l) <^ 



w„ 



\l{k)\. 



D 



If e < p — 1, then we can determine |7(A;)| and |7(/i:)| explicitly. 

Lemma 3.2. Let k he a non-negative integer and let q he a power of p. 
i) For any integer < r < q, we have ( "^^H = 1 mod p. 
ii) We have Q G [k/q]Zp. 

Proof, i) is clear. For ii), we write k = aq + r with < r < g'. We put 
(1 + xY = 1 + a;'^ + pf{x) for some integral polynomial f{x). Then 

(1 + xf = (1 + x'i+pf{x)f{l + xf = {l + x«)'^(l + xf mod apZp[x]. 



Hence the coefficient of x'^ in the above is in a'i 



,p. 



D 



Proposition 3.3. Let i, e and h he natural numbers. We put q = p^. Then 
we have 

1 



Vp{il) > 



i i , 1 

T — 1 TT-^+- + 

p — 1 e(q — 1) e 



1 



+ 



1 



+Vr, 



e p — 1 e{q — 1) ' ' ^ 

In the above, the equality holds if and only if i = —1 mod q. In particular, 
if e 1^ p — ^ or i < q, we have 

i i 



Vpiil) > — - - , " .. -h + - 
p — 1 e[q — 1) e 



and the equality holds if and only if i 



1. In this case, [7(0) [ = \TT/q\ 
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Proof. First, we assume that i < q. We prove the inequahty by induction 
on h. If /i = 1, then i < p. Hence the left hand side is equal to zero, namely 
Vp{i\) = 0, and the right hand side take the maximum value when i = p— 1, 
which is also equal to zero. We assume that the inequality holds for natural 
numbers less than h. Since the right hand side is strictly increasing for i, 
and Vp{i\) strictly increase only when p divides i, we may assume that i is 



of the form i = kp 



Vp{i\) 



1 for some natural number k < p ^. 
Vp{{kp)\) - Vp{kp) = k-l + Vp{{k - 



We have 
1)!). 



On the other hand, we have 



p — 1 



{k-l) + 



e{q-l) 
k-l 



e 



k-l 



p-1 e(p'^-i - 1) 



X 1 ^-1 

e e[p"- ^ — 



kp ~ 1 
T) ~ e(g - 1) 



<k-l + vp{ik-iy.). 



In the last inequality, we used the inductive hypothesis and k < p^~^. Hence 
we have the desire inequality and the equality holds only when k = p , 
namely, i = q — 1. For i > q, hj Lemma 13.21 ii) and induction, we have 

Vp{il) > Vp{{i - q)l) + Vp{q\) + Vp 



> 



p-1 e{q-l) 



, 1 

h + - + 
e 



1 



+ 



1 



p-1 e{q-l] 



+ Vn 



From the above argument and the induction, to have the equality, i must 
be congruent to —1. On the other hand, if i = — 1 mod q — 1, then direct 
calculations give the equality. D 

Proposition 3.4. Suppose that e < p — 1, and that e > 1 or h > 1. 
i) We have \n\/Wp\ > 1 for < n < q. 

ii) For any non-negative integer n, \^{n)\ = \nQl/Wp°\ where uq = [n/q]q. 
Hi) For n = —1 mod q and a natural number i, we have 



n\ 


^ 


(n + g)! 


^ 


(n + i)! 


w^ 




n+g 

VJp 




Wp 



In particular, for any non-negative integer n, we have \'y{n)\ = \ni\/Wp^\ 
where ui = [n/q]q + g — 1. 

Proof. We prove i) by induction for h of q = p . If /i = 1, then n! is a p-adic 



unit and the assertion is clear. For general q 
with < r < p. Then 



p , we write as n = kp + r 



n\ 



vj'- 



{kp)\ r\ 



W' 



kp 



■ujL 
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Hence by Lemma 13.21 i) and the induction for n, we may assume that r = 
and k > 1. Then 



'^p \ 



( {kp)\ 



wi 



Vp{{kp)l 



P 



^P , kp 



+ 



k 



p — 1 e{p 



h-l 



!)■ 



By the inductive hypothesis for h, the right hand side is negative or 0. 
Next we prove ii). Suppose that m < uq. Then 



no! 



m\ 



' ^ — .vn. 



-cu"-o W 



^0 /"-o — 1\ ("-0 — rn — 1)\ 



■uj„ 



m 



zu. 



no— m— 1 
P 



< 



?7(0) 



TU„ 



novr 



qzup 



< 1. 



Suppose that n > m > uq. We write as m = [n/q]q + r with < r < q. 
Then i) and Lemma 13.21 i) show that 



Uq] ml 



zu 



no 



I- 



W" 



— 1 r 

m\ ^^ 



r\ 



< I. 



Finahy, we show iii). Let n be such that n = — 1 mod q. We may assume 
that i < q. We have 

q {i — ly. iTTUp~ 



{n + i)\ i {n + q)\ {n + i)\ ^ 
rrl — ^^ = -^i' 



W' 



n+j 



W' 



n+q 



(n + q) 



, --p 



u- 



vr w< 



i-l 



Jp LVp V I 1/- ■■ lA/p 

where u = ( _^) ("_i) is a p-adic unit by Lemma 13.21 i) . By Proposition 
13.31 the p-adic (additive) valuation of the right hand side is positive. If 
e <p — 1, then Vp{-K/zUp) > and hence the p-adic (additive) valuation of 



{n + q)l n\ 

,„n+q I _-n 
Wp ^ ^p 



n + q 



vr 



9—1 -r-i 

irwp ^p 



is positive. 



D 



Next we investigate the absolute values of the coefficients of a power of 
the logarithm and the exponential map of the Lubin-Tate group. The case 
A: = 1 in the proposition below is obtained in [IS] . 

Proposition 3.5. We put d = d/dt. Then we have 



w';d"\{tf 



k\n\ 



|t=o 



< |7[/c,n]| 



-1 



a-exp^(i)|i=o <\w;i[k,n] 



Proof. The case for n < /c or A; = is trivial. Suppose that n> k >1. We 
first assume that the formal logarithm of Q is given by 

oo 



m = E 



fi 



m=0 



vr" 



Then it suffices to show inequalities 



9"A(t)^ 



U=o 



< \k\w. 



n—k\ 



5"exp^(t)| 



i=0 



< \k\zD\ 



n—k\ 
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When k = 1, the inequahty for A(t) is proven by direct calculations. We 
prove the general case by induction on k. We have 

9"A(t)'^|i=o = kd"'\X{t)'^-'X'mt=o 

.9" 



A;a"-i J2 Kt)'"^- 



in=0 



TT" 



-« = E 



m=0 



- 1 / vr™ ^ ^ 



t=o- 



Hence we have |9"A(t)'^|t=o| < IklzUp'^]. 

We put expg(i) = ^a„t". We prove that |n!a„| < |/c!CTp~^| by induction 
for n. If n = k, this is true since expg(i) = t'' + ■ ■ ■ . We assume that the 
assertion is true for integers less than n. Since expg(A(t)) = t^, we have 

t'' = akXit)'' + afc+iA(t)'=+i + • • • + a„A(t)" + • • • . 
By i) and the inductive hypothesis, we have 



n—k\ 



for m < n. Since 9"A(t)"|i=o = n\, the assertion is also true for n. 

Now we consider a general parameter s. Then the logarithm for Q and 
the exponential with parameter s are of the form A((/>(s)) and 'ip{expg{s)) for 

some (/)(s),V'(s) G sOkMV ■ We put A(t)'= = En=kCn^t''' and A(0(s))'= = 
^dn s". Then we have shown \cn \ < |fc!tu"~'^/n!|. Since d„ is a linear 
sum of cj {k < I < n) with integral coefficients, we have 



^^di^^ 



k\ 



< max 

k<l<n 






< max 

k<l<n 



ro; 



/! 



\l[kM\~^- 



Hence we have the inequality for the logarithm. The inequality for the 
exponential is straightforward. D 

Lemma 3.6. i) Suppose that f{t) G O^'iM] satisfies f{t(Bt]\[) = f{t) for 
all tN € G['^^]- Then there exists a power series g{t) G 0/<[[t]] such that 
f{t) = g{['K^]t). 
a) There exists an integral power series gk{t) G Oxii^]] such that 

vr-^ Y, (tet7v)'=5fc([vr^]t). 



Proof. See [Col], Chapter HI. 
We put 

nN 
(1 - (t e tN)X) = 1 + ai{t)X + ■■■ + a^N{t)X'i . 

For dx = d/dX, we consider the power series 
T:~^dxF{t,X) 



U 



(6) 



F{t,X) 



^ u-^ y: {t®t^r^\x^ 
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By Lemma [3.6l and the above formula, we have 'k~ dxF{t,X) € C'x[[i]][-'^]- 

Proposition 3.7. Let k, n he non-negative integers and N a natural number. 
Then we have 



(7) 



T,-^ Y^ d^{t(BtN)' 



\t=0 



tN egin^ 



< 



^ -7 



hi 



-.N 



7(0) 



where ko = maxUk/q ] — n,0}. We also have 



(8) vr-^ Y. 9^it®tN)' 

Moreover, if e < p — 1, we have 



\t=Q 



<\7T''^w;-f[0,n]\. 



(9) 






< 






-.N 



Proof. We put G{t,X) = F{0,X) - F{t,X), then G(0,X) = G{t,0) = 0. 
We have 

F{t,X) " F{0,X) - G{t,X) " ^ F(0,X)'+i ^(^K[[t,X]]. 

Since G{0,X) = and G{t,X) is invariant for the translation t h-> t^, it is 
of the form 

(10) G(t,X) = ([7r^]t)if([^^]t,X) 

for some element H in OxiMli^]- Since F{0,X) = 1 mod vr, the power 
series F(0, X)~'~^ is equal to 



E(-'-)<mx,-.r^E('::)-(i-^ 

m=0 ^ ^ m=0 \ / V 

Hence we have 

(11) 
7r-^dxF{t,X) 



Fit,X) 



J2 vr-^5xF(t, X) ■ Git, Xy ■ F(0, X)-'-' 



1=0 

oo 



(12) 



yi' + ^] .™(vr-^axF(i, x))G{t, xy ( l^Z(2l^ 



To show the assertion for fc + 1, we look the coefficient of X of (J12p . We 
consider the coefficients of the terms X", X and X'^ with a + 6 + c = 
k of 7r-^5xF(i,X), G(t,X)' and (1 - F(0,X))'^7r-'" respectively. Since 
deg dxF{t, X)=q^ -1, deg G(t, X) = q^ and deg (1 - F(0, X)) = g^ - 1 
as polynomials for X, we have a < ^^ — 1, 6 < /g'^ and c < m{q^ — 1). Then 



12 



KENICHI BANNAI AND SHINICHI KOBAYASHI 



by (llOp the product of these coefficients is an integral hnear combination of 
the terms of the form 



m 



where Gi{t) is a power series in t'C'i4'[[t]] and /, m satisfies 
(13) a + lq^ + m{q^ -l)>a + b + c = k. 

We estimate the absolute value of 



(14) (^ '^ )vr'"agGKK]t)k=o. 

By Proposition 13.51 we have 

ag([7r^]t) 



|t=o 



-''":£7-P^WU^ 



dz' 



< 7r^^"ro"7[d,n] 



Nn n- 



Therefore, we have 



Hence we have ([8]). If n < /, then ()14[) is zero and there is nothing to prove. 
We assume that n > I. We write 7(/) = I'l/wl, for some /' > I. Then 



d^Gii[7r'']t)\t=o\<W'''w;-f[l,n 



(15) 
(16) 



/ + m\ rn r^r, ^ /r lAT , 



m 



vr-agGKW^'t)! 



t=o 



< 



L + m\ rn+Nn^n- 



m 



IT 



ro"7[/,n] 



< 



vr w, 



J/ + ^)!(/'_/)!/A^™vr 






m\ 



First we consider the case a < q — 2 or m 7^ 0. Then by (|13p we have 



I + m > 



k + 1 



q 



N 



In particular, m > [{k + l)/g^] — n and the value ()16p is less than or equal 
to the absolute value of 



^Nn+ko^n+ko 



ko\ 



7 



k + l 



-.N 



7(0) 



where fco = max{[(A;+l)/g ]— n, 0}. Hence in this case we have ([7]). Suppose 



that e < p - 1. If r < I + m, then |tx7j^| < 



■cu; 



I'-i 



and hence the value (|16p 



is less than that of tt w'pj 

l'\ 



fc+i 



I7(0I 



wt. 



< \l{l + m)\ < 



. IW > I + m, then 
k+l 



7 



-,Af 



Hence the value 



^m+Nn^n^ 



k+l 



T5|l is also less than or equal to the absolute value of 
. Hence in this case we have (19]). 
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Finally we consider the case when a = q — 1 and m = 0. Then the 
coefficient of 7r~^ dxF{t,X) of degree a is {q/7r)^agN{t), which is divisi- 
ble by [7r^]t. Hence in this case the product of the coefficient of X'^ in 
7r-^dxF{t,X), the coefficient of X'' in G{t,Xy and the coefficient of X" 
in (1 — F(0,X))'^TT~"^ is an integral linear combination of terms in the 
form Gi-i^i{['ir^]t) for some Gi-^i{t) € t'+^Oxfi^]]- In this case / satisfies 
/ + 1 > [{k + l)/q^] . Therefore 



d2Gi+,i[7rft)\t=o < k^'"ti7"7[/ + l,n] < 



IT ro„7 



k + l 



If n < / + 1, then (I14J1 is zero and there is nothing to prove. We assume 
that n > I + 1. In particular, by (J13p we have n > [{k -\- l)/q ], and hence 
ko = max{[(/c + l)/q^] — n, 0} = 0. Therefore we have ([7]) and ([9]). D 



4. Integral structures on p-adic Fourier theory 

In this section, we give an explicit construction of Schneider- Teitelbaum's 
p-adic distribution associated to a rigid analytic function on the open unit 
disc. 

Let ip{t) be a rigid analytic function on the open unit disc. We define the 
integral with respect to the distribution /ii^ associated to ip{t) so that the 
formula 

exp{x-!J7pX{t))dfj,^ = ip{t) 

is true. If we had the Mahler like expansion for X-analytic functions at first, 
then it is easy to define the integral like as (JH) , but as in [STj , we first define 
the integral and then the Mahler like expansion for iiT-analytic function is 
shown by using this integral. 

For a £ Ok and a natural number A^, we let 



(17) / (x - a)" d/i^ := ^ 






t=o 



where 

ifait) := exp{-anjpX{t))ip{t). 

We put ip{t) = Y.kLo^kt'' and ipa{t) = Efcio4"^*''- Then by Proposition 
13.71 we have 



(18) 



a+TT^OK 



{x — a)"" dfiy. 



(19) 



< l7(0)! 



< l7(0)! 



N 



\Nn . 



I |Jvn r I U 

vr max-^ ci 
k '^ 



(")i 



7 



N 



II fc II ^=1 



-,N 



-iN 
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Here for the last estimate, we used the facts that c^ is a integral liner 
combination of cq, . . . , c^ and the function |7(m)| for m is decreasing. 

Let / be an element of LAn{Ok, Cp) and on a + tt^ Ok, we write / in 
the form Xl^o '^n{x — a)" such that anT^^^ ^ if n —>■ oo. We define the 
integral of / on a + tt^Ok by 

^ oo ^ 

(20) / fix) d/i ■=^ an (x - a)"" dfi^. 

We define 

(21) / f{x)dfi= V / f{x)dfx^. 

J Ok , ^„d .iv Ja+.^OK 

We have to show the well-definedness of the integral. 

Proposition 4.1. i) The integral i20\) is convergent and does not depend 
on the choice of the representative of a mod vr^. The integral I121\) does not 
depend on the choice of N. 
a) For a polynomial f{x), we have 



f{x) dfi^ = f{wp ^dg)ip{t)\t=Q. 
'Ok 

k 

Proof. Since |7([^/9 ])| < Ckp '^i^ig-i) for some constant C which depends 
only on e, q and N, the value max^j \ck\ ■ 7 ( tt ) } is finite. Hence the 
convergence follows from (J19p . We show that the integral (|20p depends only 
on the class of a modulo vr . Since the integral is convergent, we may assume 
that / is a monomial (x — a)". For a' such that a' = a mod tt^, we put 
b = a' — a. Since 

(x-a)"|a,+^ivc)^ = ^[l )^""'(a;-a')'la'+7r^^c>K' 
1=0 ^ ^ 
it suffices to show that 

(22) / (x - a'r dfi^ = y ('^) 6"-' / (x - a')' d/^^. 

Ja+nNQK ^ ^^ Ja'+TT^OK 

However, we have 

w-'^d^MT © Tm) = w-^'dl (exp(6tz7pA(T))c/,,,(r T^)) 

= exp{bzUpX{T)) y f'') V'-'w-'d'g i^a'iT T^)) . 

1=0 ^'^ 

Hence ([22]) follows. 

Now we show that the integral (I2ip does not depend on A^. It is sufficient 
to show the distribution relation 

(23) / fix)dfi^= V / /(x)d/x^ 



INTEGRAL STRUCTURES ON p-ADIC FOURIER THEORY 



15 



where the sum runs over a representative b of Ok/t^ ^^ such that b = a 
mod vr . To show this, replacing ip by ipa, we may assume that a = and 
f{x) = x". Then 



M+l 



^P Yl 



feO mod .N Jb+n'^+^O^ 
k 

b=0 mod TT^ i=0 ^ 



x" dfl^ 



^ ;,«— fc I n—kak 



^p'''9g Yl <^b{t®tN+i) 



t=0 



Yl 1^6 X] exp(&CTpA(t))v76(tetjv+i) 

tiV+iee[7r^f+l] 



6=0 mod TT 



i=0 



g ag Y v'ltet^)! |i=o = g'^+V 






The above calculation is also true when a = N = 0, and hence we have 



." Y 

beOK/n 



b+irOK 



X''dfi^ = d^^it)\t=0. 



From this the assertion ii) follows. 

For ip{t) = YlT=o'^kt'^ ^ i?"^, we define \\(p\\n by 



D 



(24) 

Since 
imately. 



7 



\(p\\N '■= max < \Ck\ 

k 



7 



,N 



k 



p where r = 1/eq {q— 1), the value \\(p\\n is approx- 



I'^IIb(p-'-) = ™ax { \ip{x)\ } 



where B(p '') C Cp is the closed disc with radius p *" at origin. 

Lemma 4.2. For an element a G Ok, we put ^Pait) = exp(— aropA(t))y?(t). 
as before. Then WfaWN = IIvIIa^- 

Proof. It suffices to show Hvallw ^ llv'llAf- This follows from the same argu- 
ment showing ()19p . D 

Then Proposition 13.71 is rewritten as 

Theorem 4.3. i) Suppose that for a G Ok, the function f G LAi\i{OK,'Cp) 
is given by a polynomial of degree d on a + it Ok- For (pk{t) = t , we have 

N 



(25) 



/ f{x) dfi^^ 



<l7[0,d]| 



vr 



a,N- 
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We also have 



(26) 



a+n^OK 



fix) dfl^^ 



< l7(0)| 



^ko+N^ko 



kolq^ 



\f\\a,N 



7 



-,N 



where ko = in.a.x{[k/q ] — d,0}. Moreover, if e <p— 1, then we have 

N 



(27) 

a) We have 

(28) 



a+Tv^OK 



fix) dfi^^ 



< 



fix) dfj.^ 



Moreover, if e < p — 1, then 



< l7(0)| 



(29) / fix) dfi. 

Corollary 4.4. We have 



< 



IT 



N 



a,N 



N 



7 



k 



a,N\m\N- 



/||a,Af||'^||Ar- 



(30) 



fix) dfj.^ 



a+Tv^Oii 



< 



N 



^,_i^e(,-i)|^(0)||vr|^^ \\f\\a,NM\B'ip-r) 



where r = 1/eq iq — 1) and 

(31) 

Moreover, if e <p— 1, then 



</'IIb'(p-'-) := ™f^{ \ck\kp ^"^ I . 



(32) 



fix) dfj.^ 



\N 



Proof. The formula follows from 

^ k' 

7' 



-iN 



< pp-i e(,-i)|7r| ||/||a,Ar||'/^||B'(p-'-)- 

im 

< kq^^p'^^^'^^^^^ ""^ («-i) . 



D 



Proposition 4.5. For N > I, we have 



N 



n 



C ^ < \\Pnix^p)\\N < 



7 



n 



-.N 



where c = l if e < p — 1 and c = [7(0) |, otherwise. 



Proof. We put ^Pnit) = t" and consider the distribution /i^„ associated to 
the power series ifn- Then by (j26p . we have 



< 



Ok 

N 



PnixWp) dfl^^ 



|P„(xtI7, 



p)\\N ■ 



< max{ 


[ 


a 








f 


n 


\ 


t( 


U". 


J 



a+TT^OK 

7(0)1 



PnixWp) dfl^,^ 



} 
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Similarly, if e < p — 1, then by using ()27p . we get the lower estimate. 

We show the upper estimate. We put Pn{xTT^ Wp) = X]fc=i o/^ x^ for n > 
1. By definition of P„, the value a^"^ is the coefficient oft" oiWpX{[Tr^]t)'' /kl. 
Since j{k) is decreasing for k, we may assume that A(f) = J2'i^o *'' Z'^'- Since 
[iT^]t = f^ mod vr, we have 

A([^^]t)^AK) + 7rt/(t) 
for some f{t) £ Oc^[[t]]. Hence we have 



k\ 



Y.*'m 



.tnpTr'ro^-^AK)'^-* 



j=0 



(A;-i)! 



Therefore by Proposition 13.51 we have 






ll 


r 
\ 


n 


) 


l( 


~<i 


n 

W 


J 


-1 



-1 



Hence we have ||-Pn(a^rop)||o,A'' < 7 ( ^ ) • Then by the formula before 



Lemma 4.4 of |STj, for a G Ok, we have 



|Pn(a;tX7p)||a,Ar < max \\Pi{x-ajp)\\o^N < 

0<t<n 



n 



-.N 



U 



Now we prove that our definition of the distribution coincides with that 
of Schneider- Teitelbaum. Namely, it has the characterization property ([5]). 

Theorem 4.6. Let //<^ he the distribution associated to a rigid analytic func- 
tion ip(t) on the open unit disc. Then 



^{t) 



Ok 



eyip{xWpX{t))dfj.^. 



Conversely, for every distribution fi, there exists a unique rigid analytic 
function ip such that /i = /i^. In particular, we have an isomorphism of 
algebras, 

D{Ok,Cp)^R''^. 



Proof. We have 



PkidgMt)\t=o = yd'vm=o 



where d = d/dt (for example, formula 6 of Lemma 4.2 of |ST) ). We let 
fn{t) = *"" and //<^„ the distribution associated to ^n{t). Then by Proposi- 
tion UTTJii) we have 



Ok 



Pk{xwp) dfi^„ = ^ Pk{dg)^n{t)\t=o 



n=0 



1 {k = n) 
(k^n). 
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Hence if ^{t) = Y^kLoCkt'', then 



JOk 



I Ok 
The first assertion fohows from this fact. Conversely, for a given /x, we put 



Ck '■-- 



Pk{xwp) dfi. 



Of 



Since the distribution is a continuous linear operator on the Banach space 
LAfyf{OK,'C-p) for every natural number A^, there exists a positive constant 
C depending only on /i and A^ such that 



Cfc 



Or, 



Pk{xVDp) diJL 



<C\\Pk{xWp)\\N<Cp --l"e,iV(.-l) 



where for the last inequality, we used Proposition 14. 5[ Hence for any < 
r < 1, if we choose sufficiently large A^, we have jcfclr'^ — > when k — > cx). 
Hence ip{t) = Xlfc^o ^^t^ ^^ ^ rigid analytic function on the open unit disc. 
Then by construction 



Lp{t) = / exp(a;-n7pA(t))(i/U. 
JOk 

Since the function (x — a)\a+-K'^OK ^^ given by 

-ir-;i^g\ ^ ^^v{{x-a)wp\{t))\t=t®ti,\\t=o, 



we have 



/ {x-aTd^,= ^^^'^ V iPait®tN)\t=0= [ 



tN<^Q\T^^ 



a^-n'^OK 



{x-a)"'dny,. 



Since vr "•" (x — a)^\a+TT'^OK ^°^ ^ ^ ^^ ^^^ ^ ~ ^'^^' ' ' ^^^ topological 
generators of LAn{OK,Cp), we have 



D 



f{x)dfi = / f{x)dfi^ 
'Ok JOk 

for all / G LAj\f{OK,Cp). Hence fi = fi^,. 

Theorem 4.7. The series X^^g '^"-^"(''"^p) converges to an element of 
LANiOx^Ocp) if an is of the form 



an=l 



n 



with |6n| < 1 andbn -^ when n ^ oo. Conversely, if f{x) G LAn{(Dk-, CCp); 
then it has an expansion 

oo 
f{x) = y^^anPnjxWp) 
n=0 
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of the form 



an = l 



n 



bn 



N 



with \bn\ ^ c ^ and 6„ ^ when n — > oo, where c = l if e < p — 1, and 
c = 17(0) I, otherwise. 

Proof. We proceed as in the proof of Theorem 4.7 of |STj except the estimate 
of the Mahler coefficients. Let n^p^ be the distribution associated to ip{t) = i" 
and put 



a„, ■■-- 



Ok 



fix) di^^^. 



Then by Theorem 14.31 we have 

fix) dfi^^ 



We write as a„ = 7 



Ok 



<c 



vr 



N 



n 



b„. We show that &„ — > when n — > 00. We 



may assume that fix) = Yl'i^o '^*(^ ~ '^)* °^ a + ir^Ox and fix) = outside 
of a + IT Ok- For a given e > 0, we can take Nq so that 



y^ Ciix-ay\\a,N < e. 
i=No 



Hence by (f26l) . we have 
(33) 



i=Aro 



< eCi 



n 



where Ci is a positive constant independent of n. On the other hand, also 
by ([26|) . we have 



(34) 



. No 

/ ^Ciix - af dix^^ 



i=0 

.N 



< Co 



vr^oro^o 



no! 



7 






where no = max{[n/g ] — A''o,0} and C2 is a positive constant independent 
of n. Since 



7r"0ro^" 



no! 






(n — > 00), 



combining with (j33p and (j34p . we have 



(35) 



/(x) d/i^ 



a+7r~OK 



< eCi 



n 
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for sufficiently large n. Hence 6„ — s- when n ^ oo. Then by i), the series 
Yl'k^=o '^riPn{xzup) Converges to a function in LAn{Ok,Cp). We put 



g{x) = f{x) 



oo 



fc=0 



Then we have f^ g{x)dn^^ = for all n, and hence J^ ^ g{x)dn = for all 
distribution /i. Considering the Dirac distribution 6a ■ h >-^ h(a), we have 
g{a) = for any a. Hence /(x) = Yy'^=o"'nPn{xmp). D 

Corollary 4.8. We let 



Cat,, 



7 



n 



Pn{xWp), 



[n 



0,1, 



If L]y be the Oc^-module topologically generated by eN,n, then 



i7(o)r 



vr 



N 



LAn{Ok,Oc,) C Ln C LAn{Ok,Oc,). 



In particular, the functions e„ form a topological basis of the Banach space 

LANiOKXp)- 

Moreover, if e < p — 1, then 



N+l 



LAn{Ok,Oc,) C Ln C LANiOK,Oc,). 



In particular. If Ok = '^p, we recover Amice's result, namely. 



n 



n 



for n = 0, 1, • • • form a topological basis of LA^^I^p, Ocp)- 

5. Relations to Katz's and Chellali's results. 

As an application, we reprove Katz's and Chellali's results ( |Ch] . |Ka2j ) 
from the p-adic Fourier theory. 

First we recall results of Katz |Ka2j and Chellali jCh| . Let E be an elliptic 
curve with complex multiplication by the ring of integer Ok of an imaginary 
quadratic field K. For simplicity, we assume that E is defined over K and 
fix a Weierstrass model 

y'^ = 4x^ - g^x - g3, 52,53 G Ok 

of E/K. Let p be an odd prime. We assume that p is inert in K and does 
not divide the discriminant of the above Weierstrass model, or equivalently, 
E has good supersingular reduction p. Then the Bernoulli-Hurwitz number 
BH{n) is defined by 

1 



^ BH{n + 2)z'' 
2-2 Z^ n + 2 n! 

n>2 



where p{z) is the Weierstrass p-function for the model. Let e be a root 
of unity in Ok such that the multiplication by —ep gives the Frobenius 
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{x,y) I— > (x^ ,y^ ) of E mod p. Let 7 be a unit in the Witt ring W = 
W{¥p2) such that 



r 



p^-i 



p^l 



pp+^{p2 -I)- 

For a fixed b S Ok prime to p, we put 

[l-b''+^){l-p'^)BH{n + 2) 



L{n) 



^np[np/(p2_l)] n + 2 

Theorem 5.1 (Katz [Ka2j ). The number L{n) is integral. Let I and n be 
non-negative integers. Then 

L{n + p^ [p^ - I)) = L{n) mod p'. 

Later, Chellah ^Chj refined the congruences as follows. 

Theorem 5.2 (Chellali [Ch] ) . Let I andn be non-negative integers. Ifn ^ 
mod p^ — 1, we have 

L{n + p^p^ - I)) = L{n) mod p'+^ 

Lf n = mod p^ — 1 and n ^ 0, put L'{n) = L{n)/n, then 

L' {n + p\p^ - I)) = L' {n) mod p'+\ 

In the following, let K = Frac(VF) be the unramified quadratic extension 
of Qp and let Q be the Lubin-Tate group of height h = 2 associated to 
the uniformizer tt = —ep. We assume that [vrjT = vrT + T'^ for q = p^ 
is an endomorphism oi Q. It is known that the formal group of i? at p is 
isomorphic to Q. 

Proposition 5.3. Let (/? be an integral power series and let jjl^ be the cor- 
responding distribution associated to ip. 
i) We have 



x"" d^u 



01 



a) If m = n mod p {q — 1), then 



(x™ - x") d/x. 



o 



< 



<P 



-'+^ 



Hi) If {q — l)\n and m = n mod p'(g — 1), then 



o- 



1 x'^ 



m 



n 



dfiu 



-1-1+^ 
< p "j-i , 



Proof. We have 



/ 

J a 



x" (i/u„ 



a+TvOK 



i" / dfi^ + Y. [ 



n 



(x - a fa"- d^, 



^p- 
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Then by the estimate pSh the absolute value of the first integral is less 
than or equal to p. By the estimate (f27|l . the absolute value of the second 
integral is also less than or equal to p since ||(2; — a)||a,i|7(0)I = 1- We put 
m — n = k{q — 1). Then 

k 






'' 'k-l\ {xi^^ - 1) 



fcx"(x''-i-l)+2;"^/fc('^ ^^ 



i=2 



1 I , ^ (x - a)2 {x - of 

A; CO + ci(x - a) + c^- — —^ + cs^ — —^ + 



where Cj are integers satisfying p\cq. Since ||(x — a^ li\a,\ < P~^ for i > 2, 
the assertion ii) follows from the estimates (j25p . 
For an integer s, we have 

4=1 i=l j+k>i 

for some integers Qj-^fc. If we write m = si{q — 1) and n = S2{q — 1), then 

2>2,jH-/i;>2 

By the estimate ([251) . the integral of j^^-^\ is divisible by p ~'^^ . The 
assertion iii) follows from this fact. D 

For b € Ok prime to p, we put 

p,{z) = {i-b-'[br)piz) 

and 0(t) = phiz)\z=\{t)- Then P6(z) has no pole at z = and 

■'^— ' n + 2 n\ 

n>2 

It is known that (j){t) is an integral power series. Similarly, for c € Ok prime 
to p, we put 

Cciz) = (c - [c]*)c(z), a,c(^) = (1 - 6M*)Cc(^) 

where ({z) is the Weierstrass zeta function and ipi^t) = Cfe,c(-2)|2=A(t)- Note 
that Cciz) is double periodic and Cb,ciz) has no pole at z = 0. Then 



■^^ n + 1 n! 

n>3 

and -0(0 is an integral power series. 
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Lemma 5.4. 

^oe|r/r ^oe^r/r 

Proof. It is known that 

^oe|r/r 

The first formula follows from this. The above formula also show that for a 
set of S of representatives of -T/F, there exists a constant A{S) such that 

Y,C{z + zo)=papz)+AiS). 
2065 

We take S so that S = —S. Then since C{z) is an odd function, A(S) should 
be zero. Therefore, 

^ Q{z + zo) =pCc{pz). 

zo&S 
Since C,c{z) is an elliptic function, the left hand side does not depend on the 
choice of S. D 

Proposition 5.5. We put B{n) = BH{n + 2)/(n + 2) if n > 2 and if 

n = —1, 0, 1. For n > 0, we have 

w; f ^ x^'dfi^ = (1 - p")(l - b^+^)B{n), 

m; I ^ x^'dfi^ = (1 - p"-^)(c - c")(l - 6"+^)B(n - 1). 

Proof. Since pb{z) and Cb,c{z) are double periodic, for to ^ ^[p] '^6 have 
ipit © to) = Cb,c{^ + 2;o)L=A(t) and (/)(t © to) = pb{z + zo)L=A(t) where zq is 
an image of to by Q[p] -^ E[p] —f -T/F. (See for example, [BK1| . Lemma 
2.18.) From this fact and the previous lemma, we have 



Ht) - - Yl "^(^ ® ^o) = ^^b(.z) - Pb{pz)) 



\z=\(t)i 



toeQ[p\ 



V^(t) - - Y, ^(* ® *o) = {QbM-P'^^bAP^)) \z=xity 
^ toag[v\ 
Hence 

= 5,(pfe(z) - Pb{pz)%=^ = (1 -p")(l - 6-+2)ij(„). 
The other equality is also shown similarly. D 



24 



KENICHI BANNAI AND SHINICHI KOBAYASHI 



We put 



c(n) = (l-p")(l-6"+2).^^(^ + 2) 



n + 2 



Corollary 5.6. i) We have 



c{n) 



W' 



<p- 



Furthermore, if n = mod q — 1, then 



w- 



< p1-^ . 



a) Suppose that ?tt, = n mod p [q — 1). Then 



c{m) _ c{n) 



w^' w'^ 



mod p ''"^Ocp- 



mod p Oc 



mod p 9-1 . 



Furthermore, if n ^ mod q — 1, then 

c{m) _ c{n) 

If n = mod q — I, then 

c{m) _ c{n) 
mw^ nWp 

Proof. For i), the first inequality follows from Proposition 15.31 i) for fi^. 

The second inequality follows from Proposition 15.31 ii) for / = 0. Note that 

L,x d^cf, = 0. For ii), the first and third congruences follow from Proposition 

15.31 for (j), and the second inequality for ijj. D 

Next, we compare c{n) with L{n). 

Lemma 5.7. We choose u G Cp so that Wp~ = p^u'^~^ . Then u is a unit 
ofOcp and 

u\ 

— ] =1 mod p. 

7/ 

Proof. Simple calculation shows the valuation of u is zero. We have X{t) = 
t + Ofi + • • • with 9 = Xjeijf — p). The g-th coefficient of the integral power 
series exp(tUpA(t)) is 



Wn 



+ WpQ = zup9 



■uj 



9-1 



eq\ 



+ 1 



Since ■WpQ is not integral, the valuation Vp{(w^ /(^q^-) + 1) > 1- Thus 



vo 



q-l 



eq\ 



+ 1^(- 

7 






mod p. 



must be congruent to zero. 
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We write n = n'{q — 1) + r with < r < q and put Cr = u^''"p^^^'^'^'^^^'''cUp. 
Then 

Hence we have 

,'uY c(n) 
Lin) = Cr 



7/ ro" 



p 

Therefore by Corollary 15. 61 we have |-^(?^)| < p- (Note that if n ^ mod q — 
1, then \cr\ < 1). Since L{n) £ K, we have L{n) G O/^. Similary, for m = n 
mod p'(g — 1), the fact L{n) G Ok, Lemma ET] and 



c{m) c{n) I — L 

~ mod p 9-1 



■njp ^p 



imply the congruence 



(\ m—n 
— ] = Lin) mod p '^-^ . 

Since this is a congruence between elements of Ok, we have 

L{ni) = L{n) mod p . 

Similarly, from Corollary 15.61 we have Katz's and Chellali's congruences. 

Theorem 5.8. i) We have L{n) G Ok- 

ii) Suppose that m = n mod p (q — 1). Then 

L{nn) = L{n) mod p . 

Furthermore, if n ^ mod q — I, then 

L{m) = L{n) modp^"*^. 

If n = mod q — I, then 

L'{m) = L'{n) mod p^^^ . 
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